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In this paper we have tried to interpret the physical role of the three-tangle and 7r-tangle in the 
real physical information process. For the model calculation we adopt the three-party teleportation 



scheme through the various noisy channels. The three parties consist of sender, accomplice and 

On' 

receiver. It is shown that the 7r-tangles for the X- and Z-noisy channels vanish at Kt — > oo limit, 

e 

where Kt is a parameter introduced in the master equation of Lindblad form. In this limit the 
receiver's maximum fidelity reduces to the classical limit 2/3. However, this nice feature is not 
maintained at the Y- and isotropy-noise channels. For Y-noise channel the 7r-tangle vanishes at 

> 

' 0.61 < Kt. At Kt = 0.61 the receiver's maximum fidelity becomes 0.57, which is much less than the 

o' 

classical limit. Similar phenomenon occurs at the isotropic noise channel. We also computed the 

^-jJ , three-tangles analytically for the X- and Z-noise channels. The remarkable fact is that the three- 

O ' 

Q\ | tangle for Z-noise channel is exactly same with the corresponding 7r-tangle. In the X-noise channel 



the three-tangle vanishes at 0.10 < Kt. At Kt = 0.10 the receiver's fidelity can be reduced to the 



^ . classical limit provided that the accomplice performs the measurement appropriately. However, 

the receiver's maximum fidelity becomes 8/9, which is much larger than the classical limit. Since 
the Y- and isotropy-noise channels are rank-8 mixed states, their three-tangles are not computed 
explicitly in this paper. Instead, we have derived their upper bounds with use of the analytical 
three-tangles for other noisy channels. Our analysis strongly suggests that we need different three- 
party entanglement measure whose value is between three-tangle and -/r-tangle. 
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I. INTRODUCTION 



It is well-known that Entanglement of quantum state is a valuable physical resource in 



quantum information theories 



It makes the quantum teleportation[2| and superdense 



coding|3[ possible within the quantum mechanical law. Furthermore, it is the physical 



In this reason 



resource which is responsible for the speed-up of the quantum computer [ 
there has been a flurry of activity recently in the research of entanglement. 

Many new properties for the entanglement of three- or higher-qubit pure states have 
been reported in the recent papers^]. However, it is in general much more difficult to 
understand the properties of entanglement for the mixed states except bipartite case. These 
difficulties are mainly originated from the fact that the mixed state entanglement is defined 



by a convex-roof extension [6|, tJ of the pure state entanglement. In order to compute the 
entanglement defined by convex-roof method one should derive the optimal decomposition 
for the given mixed state. Generally, however, it is highly non-trivial task to derive the 
optimal decomposition for the arbitrary mixed states. This computational difficulty makes 
it difficult to characterize the multipartite entanglement for the mixed states. 

For the bipartite qubit states, fortunately, Wootters found how to derive the optimal 
decomposition for the concurrence, entanglement measure for the bipartite states, in Ref. 8, 
Is]. Thus, one can compute the concurrence C(p) for the arbitrary mixed states p by Wootters 
formula 

C(p) = max(0, Ai - A 2 - A 3 - A 4 ) (1.1) 
where Aj's are the eigenvalues, in decreasing order, of the Hermitian matrix 



Complete understanding on the bipartite concurrence makes it possible to derive the 
purely three-party entanglement, called three-tangle, for the three-qubit pure states [lo|. 
This arises from the observation that the three-qubit pure state \iPabc) satisfies the following 
inequality 

Cab + C\ c ^ Ca(bc) (1-2) 
where Cab and Cac are concurrences for the reduced states p AB = Tr c\iPabc)(iPabc\ and 
pAc _ TrB^ABcji^ABcl) and Ca(bc) is a concurrence between a pair BC and A. Therefore, 
Ca(bc) represents an total entanglement of the qubit A arising due to the remaining qubits. 



For pure state C A , BC n reduces to 4detp A , where p A = Tr Bc\i>ABc) ($abc\ an d is called one- 
tangle. In this sense, the inequality (11.21) indicates that the total one-tangle is greater than 
sum of two-tangles. In addition, this observation naturally implies that tabc = ^a(bc) ~~ 
(Cab~^C ac ), which is called three-tangle, represents the purely three-way entanglement. For 



three-qubit pure state = Yll ifc=o a yfcN^)j the three-tangle t^bc becomes 10] 



where 



H,j,k=0 

tabc =4|di -2d 2 + 4d 3 |, (1.3) 

A — 2 2,2 2,2 2,2 2 /-i 
"1 — a 000 a lll + a 001 a 110 + a 010 a 101 "r a 100 a 011 

d-2 = &ooo a m a oii a ioo + &oooOm a ioi a oio + flooo a iii a noOooi 
+aonaiooOioiOoio + Goii a iooOiio a ooi + O101O010O110O001 

dz — a 000 a 110 a 101 a 011 + a lll«001 a 010 a 100- 

The three-tangle defined by Eq. (ll.3l) exactly coincides with the modulus of a Cay- 



ley's hyperdeterminant 
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transformation JJ3, Il4j ]. 



121 ] and is an invariant quantity under the local SL{2, C) 



The three-tangle ( jl.3p has following two important properties. Firstly, for a completely 
separable (A — B — C) and biseparable (A — 5C, B — AC, AB — C) states tabc becomes 
zero. This means that the three-tangle is truly the pure three-party quantity related to the 
entanglement. Secondly, the three-tangles for the Greenber ger-Horne- Zeilinger ( GHZ ) [15]] 
and W 1(| states defined 

\GHZ) = -L (|000) + |111» \W) = (|001) + |010) + |100» (1.5) 

become 

TABC(\GHZ)) = 1 T A BC{\W)) = 0. (1.6) 

Since the whole three-qubit pure states can be classified by completely separable, bisep- 
arable, GHZ-type, and W-type states through stochastic local operation and classical 



communication(SLOCC) [161] . Eq. (11.51) indicates that the three-tangle does not properly re- 
flect the three-party entanglement of the W-type states. 

For the mixed states the three-tangle is defined by a convex-roof method jfj 0] as follows: 

tabc{p) = min^piTABcipi) (1-7) 



where the minimum is taken over all possible ensembles of pure states. The pure state 
ensemble corresponding to the minimum tabc is called optimal decomposition. It is in 
general highly difficult to derive the optimal decomposition for the arbitrary mixed states. 



17| have derived recently the optimal decomposition when the 



Fortunately, Lohmayer et al 
mixed state p is 

p(p) =p\GHZ)(GHZ\ + {l-p)\W)(W\ (1.8) 

and have computed the three-tangle explicitly. They also have found that the Coffman- 
Kundu-Wootters(CKW) inequality (jl.2p holds for mixed states as well as pure states. Sub- 
sequently, the three-tangle for the rank-2 mixed state composed of the generalized GHZ and 



generalized W states has been computed in Ref . [18| . In Ref.[19| furthermore, the optimal 
decompositions and the three-tangle for the rank-3 mixed state composed of GHZ, W, and 
flipped W states are also explicitly derived. Most recently, the three-tangle for the rank-4 
mixed states composed of 4-different GHZ states are explicitly computed in Ref. 20]. 

On the other hand, in order to reflect the three-party entanglement of the W-type states 
properly we need to define new three-party entanglement measure different from the three- 



tangle. One of the candidate is a 7r-tangle discussed in Ref. 2jJ. The 7r-tangle is defined in 
terms of the global negativities [22J defined 

A/- A =|| P T -4||-1 M b = \\ P Tb \\-1 AT C =\\ p T c\\-i (1.9) 



where = TrvRffl, and the superscripts Ta, Tb and Tc represent the partial transposi- 
tions for the A-qubit, -B-qubit and C-qubit respectively. Due to the separability criterion via 



partial transposition |23l. l24j . |25| it is easy to show that the global negativities vanish for the 
separable states. It is worthwhile noting that the computation of the global negativities is 
relatively simple compared to concurrence or three-tangle for the mixed states since it does 
not need the convex-roof extension. In addition, the negativities also satisfy the monogamy 
inequality 

*ab + Mac < *a(bo (1-10) 
like concurrence. Then, the 7r-tangle is defined as 

kabc = ^(tta + ttb +ttc) (1.11) 
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where 

ka = Ma( B q-(Mab+Mac) = MI { ac)-(M 2 ab +N 2 bc ) n c = Mf AB)c -{M 2 AC +M 2 BC ). 

(1.12) 

It is easy to show that the 7i~-tangles for \GHZ) and \W) become 

it ABC (\GHZ)) = 1 tt abc (\W)) = ^(V5 - 1) ~ 0.55. (1.13) 

Thus the 7r-tangle reflects the three-party entanglement of the W-type states unlike the 
three-tangle. 

In this paper we would like to explore the physical role of the three-party entanglement in 
the real quantum information process. In order to discuss this issue we adopt the tripartite 
teleportation scheme discussed in Ref.j^. Similar issue was discussed in Ref. [23], where 
the physical role of the concurrence is discussed in the bipartite teleportation through noisy 
channels. Ref. 27( has shown that the concurrences of the mixed state quantum channels 
arising due to some noises vanish in the region of F < 2/3, where F is an average fidelity 
between initial Alice's unknown state and final Bob's state. Since F = 2/3 corresponds 
to the best possible score when Alice and Bob communicate with each other through the 



classical channel 



28 



this result indicates that the entanglement of the quantum channel is 



a genuine physical resource for the teleportation process. 

This paper is organized as follows. In section II we re-formulate the tripartite teleporta- 
tion process in terms of the density matrix. This re-description allows us to formulate 
the tripartite teleportation process when quantum channel is mixed state. The several basic 
quantities are calculated in this section, which are essential for the calculation of various 
fidelities in next sections. In section III we compute the accomplice's fidelities and receiver's 
fidelities when the tripartite teleportation process is performed through noisy channels. In 
section IV we compute the 7r-tangles for the various noisy channels. It is shown that the 
7r-tangles for all noise channels decrease with increasing the decoherence parameter nt. This 
is in fact expected due to the fact that the decoherence in general disentangles the entan- 
glement of quantum states like "sudden death" . The 7r-tangle for X- and Z-noise channels 
vanish at the nt —>■ oo limit. However, the 7r-tangles for Y- and isotropy- noise channels are 
found to be non-zero at the finite range of nt. In section V we compute the three-tangles 
for the X- and Z-noise channels. It is shown that the three-tangle for the Z-noise channel 
is exactly same with the corresponding 7r-t angle. The three-tangle for the X-noise channel 



is shown to have three different expressions depending on the range of nt. Since the chan- 
nels for the Y- and isotropy-noises are rank-8 mixed states, there is no general method to 
compute the three-tangles. However, we derived the upper bound of these three-tangles. In 
section VI we analyze the 7r-tangle and three-tangle by making use of the receiver's fidelities. 
The 7r-tangle seems to be too large to have a nice physical interpretation. The three-tangle 
also seems to be too small by similar manner. This analysis strongly suggests that we may 
need different three-party entanglement measure whose value is between three-tangle and 
7r-t angle. 



II. BASIC QUANTITIES 

In this section we want to re-formulate the tripartite teleportation scheme in terms of the 
density matrices [291]. It involves sender (Alice), accomplice (Bob) and receiver (Charlie). 
Initially they share each single qubit of the GHZ state, i.e. Pghz = \GH Z) 2 34 L {GH Z\. 
The purpose of the tripartite teleportation is as follows. Firstly, Alice at location 2 should 
transport a single qubit state 

Pin = |VU(^n| |^n) = COS (j) e^ 2 |0) + sin (~\ e^ 2 \l) (2.1) 

to the receiver, Charlie, at location 4 with fidelity Fc as high as possible with the help 
of the accomplice, Bob, at location 3. At the second time Alice should transport pi n to 
the accomplice, Bob, with fidelity Fb as high as possible. Of course, we cannot make 



Fb = Fc = 1 due to no-cloning/broadcast theorems [30, |3jJ. The task is accomplished if one 
can make Fb and Fc as high as possible. In this sense the tripartite teleportation scheme 
is similar to a quantum copier (cloning device) |32l. l33l . 134 [35 ] . 

From the postulate of quantum mechanics on composite systems the initial state of the 
tripartite teleportation process should be 

pin ® Pghz- (2.2) 

As will be discussed below Pghz will be changed into e{pghz) when noise is introduced when 
Alice, Bob and Charlie prepare the GHZ state initially, where e is a quantum operation [l|]. 

At the next stage Alice performs a projective measurement by preparing a set of the 
measurement operators {Mi, M 2 , M3, M4} with 

M 1 = |$ + )($ + | M 2 = |$~)($~| M 3 = |^ + )(^ + | M 4 = |*-)(*-|, (2.3) 



where 

I**) = ^= (100) ± |H)) 12 |^> = ^= (|01) ± |10)) 12 . (2.4) 
Since l^) and l^/ 1 * 1 ) form a Bell basis, the operators satisfy the completeness constraint 

Y J MlM m = I. (2.5) 

m 

From the quantum mechanical postulates the probability P m , probability that the result of 
the Alice's measurement is m, is given by 

P m = Tr [{MlM m ® J 34 ) (p in ® Pghz)] (2.6) 

and the state of the system after the Alice's measurement reduces to 

Pm = Tr(M m <g> J 34 ) (p in ® Pghz) (M m ® I 3 ^ . (2.7) 

For our case we have P\ — P 2 — P3 — P± — 1/4. After measurement, Alice broadcasts her 
measurement outcome to Bob and Charlie via a classical channel. 

Next, our concern is moved to the subsystem of Bob and Charlie. This process can be 
performed by tracing out the Alice's subsystem, i.e 

7T& = Tr li2 (p m ) . (2.8) 

After then, the accomplice, Bob, performs a projective measurement again by preparing a 
set of measurement operators {Ni,N 2 } with 

N 1 = \p + )(p+\ N 2 = \p~)(p-\, (2.9) 

where 

\p + ) = sin z/|0) + cos v\\) \p~) = cos v\0) — sin (2.10) 
Since \p + ) and \p~) form a basis for the Bob's qubit, the completeness condition 

NlN 1 + NiN 2 = I (2.11) 

is naturally satisfied. From the quantum mechanical postulates again the probability q mn , 
probability that the result of the Bob's measurement is n on condition that the outcome of 
Alice's measurement is m, reduces to 

q mn = Tr [{N n ® h)^ 4 } (2.12) 
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and the state of the system after the Bob's measurement becomes 

1 



7T 



ran 

Qran 



(iV n ® h)n% A {N n ®h) ] . (2.13) 



For our case q mn becomes 



1 1 

9n = ?2i = 932 = 942 = g ( 1 ~ COS2Z/COS6 1 ) q X2 = g 2 2 = 93i = 94i = 2 (! + cos2z/cos6>) . 

(2.14) 

After then, our concern is moved to the subsystem of Charlie by tracing out the Bob's 
subsystem, i.e. 

XT = ^3 (tw) . (2.15) 
Finally, Charlie takes an appropriate unitary transformation to his own qubit 

Tmn = UTXT «") f • (2-16) 

The unitary operator u™ n becomes 

ul 1 = uf = I u\ 2 = uf = a z uf = uf = a x uf = uf = o y (2.17) 

where <j{ is usual Pauli matrices. At this stage the tripartite teleportation process is termi- 
nated. 

Now, we want to discuss the tripartite teleportation process through a noisy channel. If 
noise is introduced at the initial stage when Alice, Bob, and Charlie share their each single 
qubit of \GHZ), pcuz is, in general, changed into the mixed state. The mixed state can be 



derived by solving a master equation in the Lindblad form 



36) 



^ = -i[H 8)P ] + ( L ^pL{ a - \ {L{ a L ha ,p]\ (2.18) 

i,a ^ ' 

where the Lindblad operator L^ a = ^/Hi^^a acts on the zth qubit and describes decoher- 
ence. Of course, the operator denotes the Pauli matrix of the zth qubit with a = x, y, z. 
The constant /% jQ! is approximately equal to the inverse of decoherence time. In this paper 
we will assume for simplicity that the constant K it0l is independent of i and a, i.e. K itCe = k. 

Solutions of Eq.(l2.18p for the (L 2>x , L 3tX , La x ), {L 2>y , L 3>y , L^ y ), (L 2>z , L 3>z , L 4j2 ), and 
isotropy noises were solved explicitly in Ref. 37J]. The spectral decompositions of the re- 
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suits follows: 



sx(pghz) =x\GHZ,l)(GHZ,l\ 



1 — X 



\GHZ, 3)(GHZ,3\ 



(2.19) 



+ \GHZ,5)(GHZ,5\ + \GHZ, 7){GHZ,7\ 



s y {pghz) = ^\GHZ,1)(GHZ,1\ + ^\GHZ,2){GHZ,2\ 



x = i(i + 3e- 4 ^ 
4 



y+y 



2 r 



y+v- 



\GHZ,3)(GHZ,3\ + \GHZ,5)(GHZ,5\ + \GHZ, 7)(GHZ,7\ 



\GHZ,A)(GHZ,A\ + \GHZ,6)(GHZ,6\ + \GHZ,8)(GHZ,8\ 



(y± = 1 ± e 



-2nt\ 



ez(PGHz) = z\GHZ,l)(GHZ, 1| + (1 - z)\GHZ,2)(GHZ,2 

£l{pGHz) 



2 K 



1 + 3v 2 + 4n 3 1 + 3v 2 — 4n 3 

p p \GHZ, 1)(GHZ, 1| + ^— ^ ^-\GHZ, 2)(GHZ, 2\ 



1-p 2 



I - (|000)(000| + |111)(111| 



(p = e" 4Kt ) 



where the subscripts X, K, Z, and I represent the type of noise channels, and 



GHZ, 1) = 


1 


(|000) + |111>) 


\GHZ,2) = 


1 


(|000) - 


|in)) 


GHZ, 3) = 


1 


(|001) + 1 110>) 


\GHZ,A) = 


1 


(|001)- 


|110)) 


GHZ, 5) = 


i 


(|010) + |101)) 


\GHZ,6) = 


1 


(|010)- 


|101)) 


GHZ, 7) = 


1 

7! 


(|011> + |100» 


\GHZ,8) = 


i 

7! 


(|011)- 


|100)) 



(2.20) 



quantities 


no noise and Z noise 


X and K noises 


Isotropy noise 


-Pi; P2, P31 Pi 


1 

4 


1 

4 


1 
4 


Qn, Q21, <?32) Q42 


|(1 — COS2I/COS6 1 ) 


|(1 -cos2z/cos^e- 4K *) 


1(1 -cos2z/cos^e- 8Kt ) 


931) 941) Ql2, Q22 


1(1 + cos2z/cos#) 


1(1 + cos2z/cos^e" 4K *) 


1(1 + cos2i/cos#e~ 8Kt ) 



Table I: Basic Quantities in Tripartite Teleportation 



The probabilities P m 's and q mn 's i n the noisy channels can be directly computed by chang- 
ing Pghz into the mixed states (12 . 19[) in Eq. (I2.6j) and Eq. (12. 121) . The results for the 
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(L 2 , x ,L SiX ,L4 tX ), (L 2 ,y } L^ y} L^ y ), (L 2 , z , L 3jZ , L 4tZ ) x , and isotropy noise channels are summa- 
rized in Table I. As Table I indicated, P m 's and g mn 's in the various noisy channels reduce 
to Pi = l/4(z = 1, • • • , 4) and Eq. f[2TT4j) when k = limit. 



III. FIDELITIES 



Type of noise 


F c (e,(f>) 


F c 


no noise 


1 - |(1 - sin 2v) sin 2 9 


|(2 + sin2z/) 


X noise 


|[(1 + sin 2 9 cos 2 sin 2 z/) 
+e~ 4Ki (cos 2 (9 + sin 2 9 sin 2 sin 2u)) 


|[(3 + sin2z/) 
+e" 4Kt (l + sin2z/)] 


Y noise 


\ [1 + e" 2Ki sin 2 19 sin 2 sin 2z/ + e" 4K * cos 2 9 

_|_ e -6Kt g j n 2 £ cog 2 ^ g - n 


|[3 + e- 2Kt sin2z/ 
+e" 4Kt + e" 6K * sin 2z/] 


Z noise 


1 - |(1 - sin2z/e- 6K *)sin 2 (9 


|[2 + e" 6Kt sin2z/] 


Isotropy noise 


\ [1 + e" 8K * cos 2 (9 + e" 12Ki sin 2 (9 sin 2v\ 


|[3 + e" 8K * + 2sin2i/e" 12Ki ] 



Table II: Charlie's fidelity 



The Charlie's fidelity, which measures how well the initial state p, n is transported to the 
Charlie's final state, can be computed as follows. Since Charlie's final state is r mn provided 
that Alice and Bob measure m and n respectively, one can define the fidelity F^ n in this 
case as a form 

F Zn = Tr bmnPm] • (3.1) 

Averaging over all possible measurement outcomes, we can define the Charlie's fidelity in a 
form 

4 2 

F c {6,4>) = Y.Y. P ™ ( l™ F ™- (3-2) 

m=l n=l 

Finally, averaging F c (9, </>) over all possible input states, we can define the Charlie's average 
fidelity Fc as follows: 

p c = — d9 d<f>sin6F c (6,(t>). (3.3) 
4vr Jo Jo 

When there is no noise, Fc(9, 0) and Fc becomes 

Fc{6,4>) = 1 - -(1 -sin2z/)sin 2 # F c = -(2 + sin 2v). (3.4) 
2 3 

1 For simplicity, we will use the terminology X-, Y-, and Z-noises together for (L2.X, L3. x , L^, x \ 
{L2, v , L3, y , L 4j y ), (L 2 , z , Lz. z , La.z) noises 
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Thus, the Charlie's fidelities depend on the set of Bob's measurement operators. If Bob 
chooses v — 7r/4, Fc reaches to its maximum Fc = 1, which means the perfect teleportation 
from Alice to Charlie. 

The Charlie's fidelities Fq(0, 4>) and Fc are summarized in Table II when the mixed states 
changed from \GHZ) by various noises are introduced as a quantum channel. Comparing 



Table II with Table I of Ref. 



371 ]. one can realize that the Charlie's fidelities with v = tt/A 



exactly coincide with fidelities of the bipartite teleportation when same noises are introduced 
initially in the quantum channel. 

In the tripartite teleportation scheme, however, there are additional fidelities between 
Alice's state pi n and Bob's final state. Since Bob's final state after his measurement is N% or 
N 2 defined in Eq.f l2.9p with respective probability ^2 i=1 Piqa or Ylt=i P%Q.i2i the Bob's final 
fidelities can be defined as 



4 4 



Fj(0, <P) = Tr[N lPin ] PiQn + Tr[iV 2Pm ] £ P m (3.5) 



1 



Fl = — dd dcbsmOFl 



i=i i=i 

2tt 



If one computes F^(6, 4>) and Fg for X-, Y-, Z-, and isotropy-noise channels, one can show 
that they are all same as 

Fl{6,4>)=Fl= 1 -. (3.6) 
This is too small because the optimal value for a classical teleportation scheme is 2/3. 
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Type of noise 


Alice's outcome 




rpm 
B 


and 


m — 1 2 

lib ") 


- 4- i ens 2z/ ens 20 
x (cos 2v cos — sin 2v sin (9) e _4K * 


- (3 4- p~ 4k * ms 2 2;yl 


Y-noise 


m = 3,4 


| — \ cos 2z/ cos 2(9 
x (cos 2z/ cos (9 — sin 2z/ sin 0) e~ AKt 


i (3 - e- 4Kt cos 2 2z/) 


no- noise 


m = 1,2 


i^l + cos 2 2z/cos 2 


| - i sin 2 2zy 


dllU. 




Gl VI V77 PHC Ol/ G1V1 fi PHC r/ PHC /A 1 

bill Z,^ LUo Zls Dili (7 lUa 17 LUo <// 1 




Z-noise 


m = 3, 4 


| ^1 - cos 2 2v cos 2 
+ sin 2v cos 2z/ sin 9 cos cos (f^j 


i + | sin 2 2v 


Isotropy 


777 — 1 2 


1 -I- I pos 2z/ cos 20 

2 i 2 "J " zj yj 

x (cos 2z/ cos 9 — sin 2z/ sin 6) e~ 8Kt 


I fQ J_ g-8Ki cns 2 Om) 


noise 


m = 3,4 


\ — \ cos 2z/ cos 2(9 
x (cos 2v cos (9 — sin 2v sin (9) e~ 8K * 


|(3- e" 8K * cos 2 2z/) 



Table III: Bob's fidelities just after Alice broadcasts her outcome. 



However, one can define the Bob's fidelities at the stage just after Alice broadcasts her 
measurement outcome to Bob and Charlie via classical channel. If Alice's outcome is m, 
then the Bob's fidelities can be defined as 

F?(9, 0) = q ml Ti[N lPm ] + q m2 Tr[N 2 p in ] (3.7) 



1 C 71 C 

F™ = — d9 d0sin0F™(0,0). 
47r Jo Jo 



'0 Jo 

When there is no noise, it is straightforward to show that F^(9, 0) and F^ become 

F™ =1 ((9,0) = F™ =2 ((9,0) = i [l + cos 2 2z/cos 2 (9 -sin2z/cos2z/sin(9cos(9cos0] (3.8) 

F™ =3 (0,0) = F™ =4 (0,0) = - [1 - cos 2 2v cos 2 9 + sin 2u cos 2v sin 9 cos 9 cos <p] 

F% =1 = F%= 2 = - - - sin 2 2zv 
B B 3 6 

™=3 = ™=4 = I + I gin 2 2l/ . 

B B 3 6 

When m = 1 or 2, Fg 1 reaches to its maximum value 2/3 if v — and z/ = 7t/2. At the 
same time the Charlie's fidelity F c becomes to its minimum value 2/3. When F^ reaches 
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to its minimum value 1/2 at v — tt/4, Fq becomes to its maximum value 1. Thus, one can 
increase/decrease Fg 1 at the cost of decreasing/increasing Fc- 




FIG. 1: The v- and Kt-dependence of Fc and F^ with m = 1,2 when the type of noise is 
{Li,zi -^3,2) L^z). The upper and lower surfaces correspond to Fc and F-g respectively. The dif- 
ference between Fq and F^ is maximized in the Kt — ► limit. However, this difference becomes 
negligible with increasing Kt. This is due to the fact that decoherence is a major dominant effect 
in the region of large Kt. 

The Bob's fidelities Fg(6, (f>) and Fg are summarized in Table III when the various noisy 
channels are introduced. One of the interesting points of Table III is that the Bob's fidelities 
for the Z-noisy channel is independent of the noise parameter k while the Charlie's fidelities 
is dependent on k as Table II indicated. The v- and Kt-dependence of Fc and Fg(m = 1, 2) 
in (I/ 2jZ , -^3,2> -^4,z ) noisy channel is plotted together in Fig. 1. The upper surface in the figure 
corresponds to Fc and the lower one to Fg. The difference between Fc and F^ is averagely 
maximized when k = 0, which means there is no noise. If, however, nt becomes larger and 
larger, the difference between two fidelities becomes negligible. This is due to the fact that 
the effect of noise is significant compared to the choice of v in the Bob's measurement. One 
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can find a similar behaviors in the other noisy channels although we have not presented the 
v- and Kt-dependence of the fidelities explicitly in this paper. 

IV. vr-TANGLE 

In this section we will compute the 7r-tangle of the various noisy channels defined in 
Eq. fll.lll) . When there is no noise, it is easy to show that 

\\pIU\ = \\pIU\ = \\Pg° HZ \\=^ (4.1) 

which results in 

Na{BC) — N B (AC) — N C (AB) = 1- (4-2) 

In addition, one can show that there is no contribution to the entanglement from the two- 
tangles in GHZ state: 

Nab = Mac = Mbc = 0. (4.3) 
Thus, 7r-tangle for the GHZ state is simply 

*2S! = i, (4-4) 

which indicates that the GHZ state is a maximally entangled state. 



Type of noise 


7T-tangle 


no noise 


1 


X noise 


g — 8/"ci 


Y noise 


i 

64 

-0 


| y 3e g— 4«t g— 6ki 

L - 3e- 2Kt - e- 4Kt - e~ 6Kt ) 


2 


Z noise 


-12/«t 


Isotropy 
noise 


1 

64 

-0 


1 — e~ Snt — 4e~ 12K 

_ g-8ret _ 4g-12/tt\ 


1 

2 



Table IV: The 7r-tangles for the various noisy channels 

The 7r-tangles for (L 2}X , L 3jX , L 4 , x ), {L 2 , y , L 3<y , L^ y ), (L 2 , z , L 3jZ , L^ z ), and isotropy channels 
can be computed straightforwardly. For all noisy channels Ma(bc) — Nb(ac) — Nc(ab) and 
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Nab = Mac = Nbc — hold. This seems to be due to the fact that we considered only 
same-axis noisy channels. The 7r-tangles for the various noisy channels are summarized at 
Table IV. The interesting fact Table IV indicates is that while the 7r-tangles for the X- and 
Z- noise channels vanish at Kb — > oo limit, those for the Y- and isotropy-noise channels goes 
to zero at < Kb < oo and z* < Kb < oo respectively, where 

1 + (19 + 3V33) 1/3 + (19 - 3V33) 1/3 



y* 



In 



1 (54 + 3V32T) 1 / 3 + (54 - 3V321) 1 / 3 
4 11 3 



0.609378 
0.146435. 



(4.5) 




\ \ Charlie's average fidelities 


v - 71 / n 


^V: - ' 12 








\ 71-tangle 





0.25 0.50 

X-Noise 



0.5 y. 




FIG. 2: The nt dependence of 7r-tangles and Charlie's average fidelities Fq in (£211^31)^4,1) 
(Fig. 2a), (L 2 , y ,L^y,L 4>y ) (Fig. 2b), (L 2)Z , L 3)Z , L 4)Z ) (Fig. 2c), and isotropy (Fig. 2d) noisy 
channels. 

The Kt-dependence of 7r-tangles together with Charlie's average fidelity Fc for the various 
noisy channels are plotted in Fig. 2. In the Z-noisy channel the 7r-tangle vanishes at Kb — 00 
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and at this limit Fc goes to 2/3 regardless of v, which is a classical fidelity limit. In the 
X-noise channel Fc goes to (3 + sin2i/)/6 at nt = oo. When v = ir /4, this also goes to 
2/3. Therefore, the 7r-tangles for X- and Z-noise channels seem to show a nice connection 
between the Charlie's average fidelity and three-way entanglement of the given channel. 

However, this nice property is not maintained in the Y- and isotropy-noise channel. In the 
Y-noise channel the 7r-tangle vanishes at < nt. At nt = y* the Charlie fidelity reduces to 
0.166667(3.08738 + 0.321426 sin2z/), whose maximum is fy = 0.568314. Thus f Y is much less 
than the classical fidelity limit 2/3. Similar behavior can be found in the isotropy channel. 
In this channel the 7r-tangle vanishes at z* < nt. At nt = i* the maximum Charlie's fidelity 
becomes // = 0.609159, which is also less than the classical limit 2/3. 

V. THREE- TANGLE 

In this section we would like to discuss the three-tangles for the various noisy channels 
expressed in Eq.f l2.19p . 

A. (L 2 , z ,L 3tZ ,L^ z ) noisy channel 
Let us consider the pure state 



\Z(z, <p)) = Vz\GHZ, 1) - e i<p VT^z\GHZ, 2) (5.1) 
where z — (1 + e _6K *)/2. It is easy to show that the three-tangle of \Z(z, <£>)) is 

T 3 (\Z(z,<p))) = (1 - 2z + 2z 2 ) - 2z(l - z) cos2<p. (5.2) 
Thus, r 3 {\Z(z, <£>)}) has a minimum at if = and (p — 7T, i.e. 

T 3 (\Z(zM) = T 3 (\Z(z,n))) = (l-2zy. (5.3) 



In terms of the terminologies of Ref. 38J] (1 — 2z) 2 forms a convex characteristic curve in 
(z, T3 (\Z(z, <f)))) plane. In addition, one can show straightforwardly that e(pcHz) defined 
in Eq. (12. 191) can be decomposed into 

s(p GHZ ) = l\Z(z,0))(Z(z,0)\ + ^\Z(z,n))(Z(z,n)\. (5.4) 
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If Eg. (15.41) is optimal, then the three-tangle for e(pghz) is (2z — l) 2 . Since this coincides 
with the convex characteristic curve, Eq. (15.41) should be the optimal decomposition. Thus, 
the three-tangle for the s(pghz) is 

r\ BC = (1 - 2zf = e- 1M . (5.5) 

It is interesting to note that the three-tangle and 7r-tangle are same with each other in this 
channel. 



B. (L 2 , x ,L 3jX ,L4 iX ) noisy channel 



Before we start computation, it is worthwhile noting that as shown in Ref. 20j the state 
1 



n 



GHZ 



\GHZ,3)(GHZ,3\ + \GHZ, 5}(GHZ,5\ + \GHZ, 7)(GHZ,7\ 



(5.6) 



has vanishing three-tangle. This fact is shown in appendix A. 
Now, let us consider a pure state 



\X(x, <p 1} p 2 , <p 3 )) = Vx~\GHZ, 1) - e 1 ^ \ -—\GHZ, 3) 



1 — x , 



(5.7) 



— e 



■up 2 



1 — X 



GHZ, 5) - e 



mi 



1 — x 



GHZ, 7) 



3 ' " ' ' V 3 

where x — (1 + 3e _4K *)/4. Then it is easy to show that the three-tangle of \X(x, p\, p 2 , p 3 )) 
becomes 

73 (\X(x, <p u cp 2 , (p 3 ))) (5.8) 

, , (1 -xf ^ Aiipi + g4 ^ 2 + _ 2^ _ ^ ^ 2lipi + e2iip2 + e2i ^ 

9 3 



x 



--{I - x) 2 (e 2i &i+V2) + e 2i(jpi+(p 3 ) + e W<pa+<P3)\ _ 8v/ ^ v / x (i ^3 e »(yi+y 2 +y 3 ) 
9 9 

The vectors |X(x, <^i, <^2, ^3)) has following properties. The three-tangle of it has the 

largest zero at x = x = 3/4 and pi = p 2 = p 3 = 0. The vectors \X(x, 0,0,0)), 

\X(x, 0, 7r, 7r)), |X(x, ti, 0, tt)) and |X(x, tt, tt, 0)) have same three-tangles. Finally, £x(pghz) 

can be decomposed into 

1 



GHZ) 



\X(x, 0, 0, 0))(X(x, 0, 0, 0)| + \X(x, 0, tt, 7r))(X(x, 0, n, tt) | (5.9) 



+ |X(X, 7T, 0, 7r))(X(x, 7T, 0, 7r)| + |X(X, 7T, 7T, 0))(X(x, 7T, TT, 0)| 
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When x < Xq, one can construct the optimal decomposition in the following form: 

x 



Sx(pghz) = -, — 
4x 



|X(x ,0,0,0))<X(x ,0,0,0)| + |X(x , 0, vr, 7r))(X(x , 0, vr, vr)[5.10) 



+ \X(x ,7l,0,7l))(X(xo,TT, 0,7r)| + \X(x , 7T, 7T, 0)) (X(x , 7T, 7T, 0) | 

i J-J-OffZ- 

X 

Since Ughz has the vanishing three-tangle, one can show easily 

r*B = when x < x = 3/4. (5.11) 

Now, let us consider the three-tangle of Ex(pghz) in the region xq < x < 1. Since 
Eq. (15.91) is an optimal decomposition at x = xo, one can conjecture that it is also optimal in 
the region x < x - As will be shown shortly, however, this is not true at the large-x region. 
If we compute the three-tangle under the condition that Eq. (15.91) is optimal at xq < x, its 
expression becomes 

1 8 /~3 

af( x ) = x 2 - -(1 - xf - 2x{\ -x)- -^—^xil-xf. (5.12) 
3 9 

However, one can show straightforwardly that af(x) is not a convex function in the region 

x > x*, where 

x* = - (1 + 2 1/3 + 4 1/3 ) ss 0.961831. (5.13) 

Therefore, we need to convexify af(x) in the region x\ < x < 1 to make the three-tangle 
to be convex function, where x\ is some number between xq and x*. The number x\ will be 
determined shortly. 

In the large x-region one can derive the optimal decomposition in a form: 

Sx(pghz) (5.14) 

1 — X 



4(1 -x x ) 



|X(xi,0,0,0))(X(xi,0,0,0)| + |X(xi,0,7T,7r))(X(xi,0,vr,7r)| 



+ \X(X U IT, 0, 7T))(X(xi, 7T, 0, 7T)| + \X{xi, 7T, 7T, 0))(X(xi, 7T, 7T, 0)| 

X — Xi 
1 — Xx 



+^^11(7^ \)(GHZ,1 1 



which gives a three-tangle as 



a^-(x, Xi) = - — — af(xi) + 7 — — . (5.15) 
1 — Xi 1 — Xi 
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Since d 2 afj/dx 2 = 0, there is no convex problem if afj(x,xi) is a three-tangle in the 
large-x region. The constant x\ can be fixed from the condition of minimum afj, i.e. 
dafj(x,Xi)/dxi = 0, which gives 



Xl = ^(2 + V3) ^ 0.933013. 



(5.16) 



As expected x\ is between x and x*. Thus, finally the three-tangle for Ex(pghz) becomes 





T 



(5.17) 



X < Xq 

abc = { af(x) X Q <X<Xi 
af T (x, Xi) Xi < x < 1 

and the corresponding optimal decompositions are Eq. fl5.10p . Eq. (15.91) and Eq. (l5.14l) respec- 
tively. In terms of nt r^ BC reduces to 



' ABC 



af T (x,Xi) 
af(x) 




< Kt < fxf 
/if < Kt< /if 
/if < Kt < OO 



where x = (1 + 3e 4k *) /3 and 



/if 



1 , 4xi-l 

- m 

4 3 



0.0233899 /if 



-In - « 0.101366. 
4 3 



(5.18) 



(5.19) 



C. (L2 t y, L^^y, L^y) noisy channel 



The mixed state Ey(pghz) given in Eq. (l2.19p can be re-written as 
Sy(pghz) = ^f HZ (Y 1 ) + (1 - £)nf Z (F 2 ) 



where 



W{ HZ {Yi) = Y X \GHZ, I) {GHZ, 1| 



+ 



1-Y 1 



(5.20) 



(5.21) 



\GHZ,3)(GHZ,3\ + \GHZ,5)(GHZ,5\ + \GHZ, 7)(GHZ,7\ 



Tl% HZ (Y 2 ) = Y 2 \GHZ, 2) (GHZ, 2 
l-Y 2 



+ 



GHZ,4)(GHZ,A\ + \GHZ,6)(GHZ,Q\ + \GHZ, 8)(GHZ,8\ 



In Eq. fl5.2in the constants are given by 
^_ y+{yl + 3yl) 



Yi 



y+ 
vl + zy 2 



Y 9 



y 2 - 



zyl + y 2 



(5.22) 
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where y± = lie 2Kt . It is worthwhile noting that X^ HZ {Y-i) is local-unitary (LU) equivalent 



Since the three-tangle is LU-invariant quantity, the three-tangle for nfp HZ (Y" 2 ) should be 
equal to that for Uf HZ (Y2). Since nf f/z (y 2 ) can be obtained from Ex(pghz) by replacing 
x by Y 2 , one can compute the three-tangle for U 2 HZ (Y 2 ) directly from Eq. ( 15.171) . Since, 
furthermore, Y 2 < 1/4 in the entire range of Kt, the three-tangle for H 2 ^(^2) should be 
zero. 

Since Ey(pghz) is rank-8 mixed state, it seems to be highly difficult to compute the three- 
tangle. Still we do not know how to compute it analytically. However, one can compute 
its upper bound as following. Since the three-tangle for U 2 HZ (Y 2 ) is zero and the three- 
tangle for the mixed state is obtained by the convex-roof method, Eq. 115.20p implies that 
the three-tangle for £y{pghz) should be less than £ times three-tangle for nf^ z (Yi). Since 
Uf HZ (Yi) is same with Ex(pghz) if % is replaced by Y\, one can compute the upper bound 
of the three-tangle for Ey(pghz), t \bc directly from Eq. 115. 171) . The superscript UB stands 
for upper bound. The final result of this upper bound can be summarized as 



to Uf HZ {Y 2 ), i.e. 



Uf HZ (Y 2 ) = {a z ®t® t)I^ HZ (Y 2 )(a z <g> 1 <g> 



< Kt < uT 



.Y:UB 
ABC 



V* < Kt < V 2 
V\ < Kt < OO 



(5.23) 







v 



where 




-imV3- 1) ~ 0.155953 




0.346574. 



(5.24) 



Of course, x\ is given in Eq. 115. 161) . 



D. isotropy noisy channel 



The mixed state Bi(pghz) given in Eq. 112. 191) can be re-written as 



£i{Pghz) = 



GHZ 



+ (1-0^2 



GHZ 



(5.25) 
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where 



ZfHZ = | 1 + V | \ GEZ ^ i)(GHZ, 1| (5.26) 



2 l + 3p : 



+ li-Tw 1|CTZ ' 2>(GffZ - 21 



and 



^ z = h/-(|ooo)(ooo| + |iii)(iii|)} 

6 



1 + 3p 2 



(5.27) 



-Ant 



with p = e~ 

The state Bi(pghz) is rank-8 mixed state and we do not know how to compute the three- 
tangle of it exactly. Since, however, the three-tangle of Y5^ uz is zero, one can compute at 
least the upper bound as £ times three-tangle of T!{ HZ . This upper bound can be easily 
computed by making use of the analytical result of the three-tangle for the Z-noise channel. 
The final result of this upper bound is 

I:UB _ 4 P _ 4e (r oo\ 

ABC - 1 + 3p 2 " 1 + 3c-*- [ } 

where the superscript UB stands for the upper bound. 

VI. CONCLUSION 

In this paper we computed the 7r-tangles explicitly for the mixed states summarized in 
Eq. fl2.19l) . It is shown that the 7i~-tangles for the X- and Z-noisy channels vanish at nt — > oo, 
where the maximum Charlie's fidelities reduce to the classical limit 2/3. However, this 
nice property is not maintained for Y- and isotropy-noise channels. For Y-noise the 7r-tangle 
vanishes at < hit, where y* is given at Eq. fl4.5p . At nt = y* the maximum Charlie's fidelity 
becomes 0.57, which is much less than the classical limit. For isotropy noise the 7r-tangle 
vanishes at < nt. At Kt = z* the maximum Charlie's fidelity becomes 0.61, which is also 



less than the classical limit. Although the 7r-tangle was constructed in Ref. [2 11] to reflect 
the three-party entanglement of the W-type states, it does not seem to give a meaningful 
interpretation in the real quantum information process. 

We also computed the three-tangles for the X- and Z-noise channels. The remarkable 
fact is that the three-tangle for the Z-noise channel is exactly same with the corresponding 
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FIG. 3: The nt dependence of three-tangle and 7r-tangle for (X/2 )X , L^ )X , L^ x ) (Fig. 3a), 
{Li,yi L3, y , L^y) (Fig. 3b), and isotropy (Fig. 3c) noisy channels. 



7r-tangle. Therefore, the three-tangle for the Z-noise channel vanishes at nt — > oo, where all 
Charlie's fidelities reduce to the classical limit regardless of Bob's measurement outcome. 
For X- noise the Kt-dependence of the three tangle is plotted in Fig. 3(a). For comparison 
we plotted the corresponding 7r-tangle together. As Fig. 3(a) has shown, the three-tangle 
is much less than the corresponding 7r-tangle. In this channel the three-tangle vanishes 
at fif < Kt, where ^ = ~ (V^) ln(2/3). At nt = the Charlie's fidelity becomes 
(11 + 5sin2z/)/18. When, therefore, v = (1/2) sin -1 (1/5) ~ 0.100679, Charlie's fidelity 
reduces to the classical limit 2/3. However, the maximum Charlie's fidelity goes to 8/9, 
which is much larger that the classical limit. 

The Kt-dependence of t^bcP an d t abc are plotted in Fig. 3(b) and Fig. 3(c) respectively. 
For comparison we plotted the corresponding 7r-tangle together. Fig. 3(b) shows that t"Xbc 
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is larger than the corresponding 7r-tangle at < Kt < 0.315. Fig. 3(c) shows that t^bc * s 
larger than the corresponding 7r-tangle in the entire range of nt. This is due to the fact that 
t \bc an d t abc are mere ly the upper bounds of the real three-tangles for Y- and isotropy- 
noise channels. If the calculational tool for the three-tangle of the arbitrary three-party 
mixed states are developed someday, the real three-tangles computed via this tool should 
be less than the corresponding 7r-tangles. 

In this paper we examined the physical meaning of the three-tangle and 7r-tangle in the 
real quantum information process. We adopted the three-party teleportation via various 
noisy channels as a model of quantum process. It is shown that the 7r-tangle seems to be too 
large to have a meaningful interpretation. Although we cannot compute the three-tangles for 
Y- and isotropy-noise channels due to their high rank, the results for X- and Z-noise seems to 
imply the fact that the three-tangle is too small to have meaningful interpretation. Probably 
we need a different three-party entanglement measure whose value is between three-tangle 
and 7r-t angle. 
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Appendix A 

In this appendix we would like to prove that Ughz defined in Eq.f l5.6p has vanishing 
three-tangle. Consider a pure state 

|J(0i,0 2 )> = -±=\GHZ,3) - ±=e"*\GHZ,h) - -±=e i0 *\GHZ,7). (A.l) 

Then, it is easy to show that the three-tangle of \J{0i,02)) is 

r 3 (0i, 2 ) = i|l - (e m - e i6 *f ||1 - (e m + e^f |, (A.2) 

which vanishes when 

(9 1 = tt/3, 2 = 2vr/3), (0i = 5tt/3, 2 = 4tt/3) (A.3) 
=> {6 1 = 2tt/3, 2 = tt/3), (0i = 4tt/3, 2 = 5tt/3) 
» (6i = ir/3, 2 = 5tt/3), (0i = 5tt/3, 2 = tt/3) 
(0i = 2tt/3, 2 = 4tt/3), (0i = 4tt/3, 2 = 2tt/3). 

Furthermore, one can show straightforwardly that Ughz can be decomposed into 
1 








- e m = 1 




ii) 




- e *» = • 


-1 


Hi) 




+ e ie2 = 


1 = 


iv) 


e m 


+ = 


-1 



n 



GHZ 



+l J hr-o >( J hr-o l + l J t-t >( J 



3'3y M V 3 ' 3 / V 3 ' 3 / V 3 ' 3 

r .'An 2tt\ , . T /47T 27r \ , , T / 47r 57r\ . . /47T 57r 



3'3y M V 3 ' 3 / V 3 ' 3 / V 3 ' 3 

. T /57T 7I"\ . . T /57T 7I"\ . . T /57T 47T \ . . T / 5n 4:71 

+|j (t'3J >(j (t'3J i + |j (t'tJ ><j (t-t 

Combining Eq. (1A.3l) and (1A.4I) . one can show that Eq. (1A.4I) is the optimal decomposition of 
Ughz and the three-tangle is 

r 3 (Ughz) = 0. (A.5) 
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